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Discrete maximal regularity for abstract Cauchy problems
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Tomoya Kemmochi (Tokyo)

Abstract. Maximal regularity is a fundamental concept in the theory of nonlinear
partial differential equations, for example, quasilinear parabolic equations, and the Navier–
Stokes equations. It is thus natural to ask whether the discrete analogue of this notion holds
when the equation is discretized for numerical computation. In this paper, we introduce
the notion of discrete maximal regularity for the finite difference method (θ-method),
and show that discrete maximal regularity is roughly equivalent to (continuous) maximal
regularity for bounded operators in the case of UMD spaces. The feature of our result is
that it includes the conditionally stable case (0 ≤ θ < 1/2). We pay close attention to
the dependence of the constants appearing in estimates. In addition, we show that this
characterization is also true for unbounded operators in the case of the backward Euler
method.

1. Introduction. In this paper, we consider the following abstract
Cauchy problem in a Banach space X:{

u′(t) = Au(t) + f(t), t > 0,

u(0) = 0,

where u is an unknown X-valued function, f is a given one, and A is a linear
operator on X. The operator A is said to have (continuous) maximal regu-
larity if, for some p ∈ (1,∞) and every f ∈ Lp(0,∞;X), the above problem
has a unique solution u (the precise meaning of “solution” is described in
Definition 2.4) satisfying

‖u′‖Lp(0,∞;X) + ‖Au‖Lp(0,∞;X) ≤ C‖f‖Lp(0,∞;X),

uniformly with respect to f . For example, it is known that the Laplace
operator and the Stokes operator have maximal regularity under suitable
conditions, and that this property can be applied to quasilinear parabolic
equations and the Navier–Stokes equations (see e.g. [2, 26]). We are con-
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cerned about the numerical computation of the Cauchy problem above. As
is well-known, the analytic semigroup theory and its discrete counterparts
play important roles in construction and study of numerical schemes for
parabolic equations (cf. [12, 13, 14, 24, 25]). Hence, it is natural to ask
whether a discrete analogue of maximal regularity holds when the above
problem is discretized for numerical computations. Moreover, if this is the
case, then it is expected that the discrete version of maximal regularity can
be applied to the numerical analysis of nonlinear evolution equations, for
example, the stability analysis and the error estimate of the finite element
approximation for the equations as given above. Indeed, Geissert [15, 16]
and Li [20] considered the continuous maximal regularity for the discrete
Laplacian, and applied it to the semidiscrete problem for the linear and
semilinear heat equations. However, since they only dealt with the semidis-
crete problem, the results cannot be applied to the analysis of practical
computations. Thus, we need to consider the time-discretized problem and
the discrete version of maximal regularity.

In the present paper, we concentrate on the discretization of the time
variable, and postpone that of the space variables to further studies (cf. [17]).
That is, we discretize the Cauchy problem by the finite difference method:

(1.1)

{
un+1 − un

τ
= Aun+θ + fn+θ, n ∈ N = {0, 1, 2, . . . },

u0 = 0,

where τ > 0 is the time step, θ ∈ [0, 1] is a fixed parameter, u = (un) is
an unknown X-valued sequence, and f = (fn) is a given one. We say that
A has discrete maximal regularity if for every f ∈ lp(N;X), there exists a
unique solution u of (1.1) with the estimate

‖Dτu‖lpτ (N;X) + ‖Auθ‖lpτ (N;X) ≤ C‖fθ‖lpτ (N;X),

uniformly with respect to τ . The meaning of symbols in the above inequality
will be specified in Section 2. We are interested in (1) when the operator A
has discrete maximal regularity, and (2) what the constant C depends on.

We now summarize several previous studies. For more details, one can re-
fer to [1]. The first one is Blunck’s result [5]. Here the forward Euler method
(θ = 0) was considered, and the notion of discrete maximal regularity was
introduced. The main result was the discrete version of the operator-valued
Fourier multiplier theorem (cf. [27, 21]) and a characterization of discrete
maximal regularity. While these results seem powerful, Blunck only con-
sidered the case where the time step is unity (i.e., τ = 1). Therefore, the
result, especially the characterization of discrete maximal regularity, can-
not be directly applied to numerical analysis. Although there are several
works following Blunck such as [9, 23], these results are not applicable to
analysis of numerical schemes either. Another study we mention is that of
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Ashyralyev et al. [3]. They considered the backward Euler method (θ = 1)
and the Crank–Nicolson method (θ = 1/2), with an arbitrary time step
τ > 0, and showed that if A has continuous maximal regularity, then it also
has discrete maximal regularity for θ = 0, 1/2. Recently, Kovács et al. [18]
showed the same results for A-stable time discretizations, such as BDF and
implicit Runge–Kutta methods. They also considered fully-discretized prob-
lems with abstract space-discretization. However, the constants appearing
in those results may depend on the Banach spaces under consideration, due
to utilization of Blunck’s discrete multiplier theorem. In contrast to those
results, we focus on general single-step finite difference methods (1.1) in-
cluding the conditionally stable case, and we shall pay attention to what
the constants depend on, especially whether they depend on Banach spaces.

Our main goal is to show that continuous maximal regularity implies dis-
crete maximal regularity for general θ-methods in the case of UMD spaces.
When θ ∈ [1/2, 1], our main theorem (Theorem 3.2) includes the results of
Ashyralyev et al., and the proof is integrated and simplified. Our result also
includes the conditionally stable case (θ ∈ [0, 1/2)), which is not considered
in the literature and is the main feature of the present paper. In this case,
a certain stability condition is assumed, which is not mentioned in [5] when
τ = 1. This condition is reasonable since it often appears in the context of
numerics for parabolic problems. Many operators exist that have continuous
maximal regularity. Furthermore, many approaches to continuous maximal
regularity have already been developed. Therefore, even if we do not know
whether a given operator has maximal regularity, this can be investigated.
As a result, our sufficient condition is quite reasonable from both analytical
and numerical viewpoints.

As in the previous studies, our method is based on R-boundedness and
Blunck’s discrete Fourier multiplier theorem (Theorem 2.11). However, as
mentioned before, the constant appearing in this theorem depends on the
Banach space X. This is troublesome in view of numerical analysis, since
X is assumed to be a finite-dimensional space that depends on the space
discretization parameter (e.g., En in [3] and Xh in [18]) in applications.
Therefore, we discuss this problem, and obtain an applicable version of the
main result (Corollary 3.3). Although one may think that this discussion is
obvious, it is important from the numerical point of view.

We also consider the opposite assertion: discrete maximal regularity im-
plies continuous maximal regularity (Theorem 3.5), of just mathematical
interest. This question was considered in [5] when θ = 0 and τ = 1. In [5,
Theorem 1.1], the power-boundedness for T = I + A is assumed, which
is equivalent to the stability condition mentioned above for τ = 1. How-
ever, it does not hold in general settings of numerical analysis. Therefore,
we present a numerical-analytic statement, that is, we show that a uniform
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estimate (for small τ) implies continuous maximal regularity. This is proved
for general θ by a limiting argument as τ ↓ 0. See also Theorem 4.1.

As mentioned above, we restrict our consideration to the (time-)discrete
Cauchy problem. We have succeeded in applying the results of this paper
to the stability and convergence analysis of the finite element method for
linear and semilinear heat equations [17].

The plan of the rest of this paper is as follows. Section 2 is devoted to
preliminaries on maximal regularity. In Subsection 2.1, we introduce the
notion of R-boundedness. It plays an important role in operator-valued
Fourier multiplier theorems, in both the continuous and discrete cases. Sub-
sections 2.2 and 2.3 are devoted to continuous and discrete maximal regular-
ity. In Subsection 2.3, we reduce the problem of discrete maximal regularity
to R-boundedness of certain sets of operators. Our main result appears in
Section 3. Its significance is in the dependence of the constant. We also
demonstrate that the converse of the main theorem holds.

We conclude this paper by dealing with some additional topics in Sec-
tion 4, where we focus on the backward Euler method. In this case, we can
also show other analogous properties. This section consists of two parts.
First, we consider the characterization of discrete maximal regularity for
unbounded operators (Subsection 4.1). This corresponds to the result given
by Blunck, which deals with bounded operators. The key point is Yosida ap-
proximation. Next, we obtain an a priori estimate for non-zero initial values
(Subsection 4.2). The results in this subsection are important for numerical
analysis of nonlinear equations. However, since the arguments are essentially
the same as in [4, Chapter 2], which deals with the same problem in the time
interval (0, 1), we omit the detailed proofs.

2. Preliminaries

2.1. R-boundedness. In this subsection, we introduce the definition of
R-boundedness and its basic property to be used later. For standard facts on
R-boundedness, we refer to [19, Section 2]. R-boundedness is a fundamental
concept in this paper since it plays a crucial role in Weis’s operator-valued
Fourier multiplier theorem on UMD spaces [27, Theorem 3.4], as well as in
its discrete version [5, Theorem 1.3].

Definition 2.1. A Banach space X is an UMD space if for some p ∈
(1,∞) and C > 0, we have

(2.1)
∥∥∥u0 +

n∑
j=1

εj(uj − uj−1)
∥∥∥
Lp(Ω,F ,P ;X)

≤ C‖un‖Lp(Ω,F ,P ;X)

for all n ∈ N, εj ∈ {±1}, and X-valued martingales (uj) on a probability
space (Ω,F , P ).
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We refer to [7, 8, 6] for characterizations of UMD spaces by ζ-convexity
and the Hilbert transform.

Let X and Y be Banach spaces and let L(X,Y ) denote the space of
bounded operators from X to Y . Let {rj}j∈N be a sequence of independent
and symmetric {±1}-valued random variables on [0, 1], for example, the
Rademacher functions rj(t) = sign[sin(2j+1πt)].

Definition 2.2. A set T ⊂ L(X,Y ) is said to be R-bounded if there
exists a constant C > 0 such that

(2.2)

1�

0

∥∥∥ n∑
j=0

rj(t)Tjxj

∥∥∥
Y
dt ≤ C

1�

0

∥∥∥ n∑
j=0

rj(t)xj

∥∥∥
X
dt

for all n ∈ N, x0, . . . , xn ∈ X, and T0, . . . , Tn ∈ T . The infimum of the C’s
satisfying (2.2) is called the R-bound of T and is denoted by R(T ).

We now introduce a property of sectorial operators. The following lemma
is a modification of [5, Corollary 3.5] and is obtained by the same argument
as in [5]. Here Σδ = {z ∈ C \ {0} | |arg z| < δ} is a sector domain in C for
δ ∈ (0, π).

Lemma 2.3. Let A be a closed and densely defined linear operator on X.
Assume that there exists δ ∈ (0, π/2) such that Σπ/2+δ ⊂ ρ(A), and set
Tθ = {λR(λ;A) | λ ∈ Σθ} for θ ∈ (0, π/2 + δ). If Tπ/2 is R-bounded, then
so is Tπ/2+δ0 for each δ0 satisfying

0 < δ0 < min

{
δ, arctan

1

R(Tπ/2)

}
.

Moreover, R(Tπ/2+δ0) ≤ P1(R(Tπ/2)), where

(2.3) P1(X) =
2

1− α

(
1 +

X

α

)
+X

is a polynomial of degree one with α = R(Tπ/2) tan δ0.

2.2. Maximal regularity. We consider the following abstract Cauchy
problem in a Banach space X:

(2.4)

{
u′(t) = Au(t) + f(t), t > 0,

u(0) = 0,

where f : R+ = (0,∞)→ X is a given function, u : R+ → X is the unknown,
and A is a linear operator on X with domain D(A).

Definition 2.4. Let p ∈ (1,∞). A linear operator A has maximal Lp-
regularity with a constant C if, for every f ∈ Lp(R+;X), (2.4) has a unique
solution u with the following properties:
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(1) u(t) ∈ D(A) for almost every t > 0,
(2) u is strongly differentiable in X for almost every t > 0,
(3) there exists a constant C > 0, independent of f , such that

(2.5) ‖u′‖Lp(R+;X) + ‖Au‖Lp(R+;X) ≤ C‖f‖Lp(R+;X).

In Definition 2.4, we do not require that u ∈ Lp(R+;X). However, if
0 ∈ ρ(A), maximal Lp-regularity implies that u ∈ Lp(R+;X), since ‖A · ‖ is
a norm in D(A) equivalent to the graph norm. Since maximal Lp-regularity
is p-independent (see e.g. [10, Theorem 4.2]), we say that A has maximal
regularity if A has maximal Lp-regularity for some p ∈ (1,∞). To distin-
guish this from the discrete case below, we occasionally call this continuous
maximal regularity.

It is known that an operator of maximal regularity generates a bounded
analytic semigroup (see e.g. [10, Theorem 2.1]). Thus maximal regularity is
stronger than analyticity of the semigroup. The Laplace operator and the
Stokes operator have maximal regularity under suitable conditions, which
can be applied to the analysis of quasilinear parabolic equations and the
Navier–Stokes equations.

As a sufficient condition for maximal regularity, the result of Dore and
Venni [11] is well-known. On the other hand, in [27, Corollary 4.4], Weis
characterized maximal regularity by the R-boundedness of some sets of op-
erators.

Theorem 2.5 (Weis). Let X be a UMD space and T (t) a bounded an-
alytic semigroup on X with generator A. Then the following conditions are
equivalent:

(a) A has maximal regularity.
(b) {λR(λ;A) | λ ∈ iR \ {0}} is R-bounded.
(c) {T (t) | t > 0} and {tAT (t) | t > 0} are R-bounded.

Remark 2.6. Let p ∈ (1,∞), and let X and A be as in Theorem 2.5.
Assume that A has maximal Lp-regularity with a constant CMR. Then,
tracing the constants in [5, Proposition 1.4], one can observe that

R({λR(λ;A) | λ ∈ iR \ {0}}) ≤ cpCMR,

where cp > 0 is a constant depending only on p.

2.3. Discrete maximal regularity. We next discretize the notion of
maximal regularity. First, we need to consider the discrete problem for (2.4).
In this paper, we use the single-step finite difference method to discretize
the time variable. That is, we consider the discrete Cauchy problem in X:

(2.6)

 un+1 − un
τ

= Aun+θ + fn+θ, n ∈ N,

u0 = 0,
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where τ > 0 is the time step, θ ∈ [0, 1] is a fixed parameter, f = (fn)n ∈ XN

is a given sequence, u = (un)n ∈ XN is an unknown sequence, and

vn+θ = (1− θ)vn + θvn+1

for v = (vn) ∈ XN. Hereafter, we assume that A is bounded, since the
problem (2.6) is ill-posed for general f when A is unbounded and θ 6= 1.

In general, the discretization (2.6) is called the θ-method. It is known as
the forward Euler method when θ = 0, the backward Euler method when
θ = 1, and the Crank–Nicolson method when θ = 1/2. Note that the solv-
ability of (2.6) is equivalent to the invertibility of I − θτA, since (2.6) can
be rewritten as

(2.7) (I − θτA)un+1 = (I + (1− θ)τA)un + τfn+θ.

In particular, if (2.6) is solvable, then the solution must be unique.

For the space XN, we introduce some notation.

Definition 2.7. Let p ∈ (1,∞).

(1) We define the discrete Lp-norm ‖ · ‖lpτ (N;X) as

‖v‖lpτ (N;X) =
( ∞∑
n=0

‖vn‖pXτ
)1/p

for v = (vn) ∈ lp(N;X).

(2) For v = (vn) ∈ XN, τ > 0, and θ ∈ [0, 1], we define the sequences
Dτv, Av, and vθ as

(Dτv)n =
vn+1 − vn

τ
, (Av)n = Avn, (vθ)

n = vn+θ.

Now, we can define the discrete version of maximal Lp-regularity.

Definition 2.8. Suppose that p ∈ (1,∞) and θ ∈ [0, 1]. A linear opera-
tor A has maximal lp-regularity with a constant C if, for every τ > 0 small
enough and f ∈ lp(N;X), problem (2.6) has a unique solution u = (un) ∈ XN

satisfying

(2.8) ‖Dτu‖lpτ (N;X) + ‖Auθ‖lpτ (N;X) ≤ C‖fθ‖lpτ (N;X),

where C > 0 is independent of τ > 0 and f . We say that A has discrete
maximal regularity if A has maximal lp-regularity for some p ∈ (1,∞).

We characterize maximal lp-regularity by the boundedness of the Fourier
multiplier. Hereafter, we write T = {z ∈ C | |z| = 1}, and we assume that
A is the infinitesimal generator of a bounded analytic semigroup on X, so
that (2.6) is solvable. When T \ {1} ⊂ ρ(Tτ ), we set

Mτ (z) = (I − θτA)−1(z − 1)R(z;Tτ ), z ∈ T,(2.9)

(TMτ f)n = [F−1(MτFf)]n, f ∈ c00(Z;X), n ∈ Z,(2.10)
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where

(2.11) Tτ = (I − θτA)−1(I + (1− θ)τA).

Here and hereafter, F and F−1 are the Fourier transforms on Z and on T,
respectively, and c00(Z;X) ⊂ XZ is the space of X-valued sequences with
compact supports.

Lemma 2.9. Let p ∈ (1,∞), and let A ∈ L(X) be the infinitesimal
generator of a bounded analytic semigroup on X. Suppose that T \ {1} ⊂
ρ(Tτ ). Then the following assertions are equivalent:

(a) A has maximal lp-regularity.
(b) TMτ can be extended to a bounded operator on lp(Z;X), and its op-

erator norm is bounded by a constant independent of τ > 0.

Proof. From (2.7), Dτu is written as

(Dτu)n = (I − θτA)−1
[
(Tτ − I)

n−1∑
j=0

Tn−j−1τ f j+θ + fn+θ
]

for n ∈ N. Therefore, by a basic computation, we can obtain

(Dτu)n = (TMτ f̃θ)
n, n ∈ N,

where f̃θ is the zero extension of fθ to Z. Hence, we obtain the desired
equivalence.

Now, we check when T \ {1} ⊂ ρ(Tτ ). We define

(2.12) gθ,τ (ζ) =
ζ − 1

θτζ + (1− θ)τ , ζ ∈ C.

Assume that gθ,τ (T\{1}) ⊂ ρ(A), and let λ ∈ T\{1}. If θ = 1/2 and λ = −1,
then λI−Tτ = −4(2−τA)−1 is invertible. Otherwise, since θτλ+(1−θ)τ 6= 0,
we have

(2.13) λI − Tτ = [θτλ+ (1− θ)τ ](gθ,τ (λ)I −A)(I − θτA)−1,

which implies that λ ∈ ρ(Tτ ). It remains to determine the set gθ,τ (T \ {1}).
By a simple calculation,

(2.14)


gθ,τ (T \ {1}) =


C

( −1

(1− 2θ)τ
;

1

(1− 2θ)τ

)
\ {0}, 0 ≤ θ < 1/2,

C

(
1

(2θ − 1)τ
;

1

(2θ − 1)τ

)
\ {0}, 1/2 < θ ≤ 1,

gθ,τ (T \ {±1}) = iR \ {0}, θ = 1/2,

where C(a; r) = {z ∈ C | |z−a| = r} for a ∈ C and r > 0. Since A generates
a bounded analytic semigroup, we have gθ,τ (T \ {1}) ⊂ Σπ/2 \ {0} ⊂ ρ(A)

when 1/2 < θ ≤ 1 (Σπ/2 is the closure in C). Therefore, we need no condition
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for T \ {1} ⊂ ρ(Tτ ) in this case. Much the same is true when θ = 1/2.
However, an additional condition is necessary when 0 ≤ θ < 1/2. We then
give the following condition (S) (cf. Fig. 1).

Re

Im

0 1

C

T
gθ,τ

C

0

σ(A)

−1
(1−2θ)τ

1
(2θ−1)τ

θ = 1/2
(imaginary axis)

1/2 < θ ≤ 1

0 ≤ θ < 1/2

Re

Im

H \ {0} ⊂ ρ(A)

Fig. 1. The set gθ,τ (T \ {1}) and condition (S)

(S) The operator A satisfies

σ(A) ⊂ D
( −1

(1− 2θ)τ
;

1

(1− 2θ)τ

)
∪ {0}.

Here, D(a; r) = {z ∈ C | |z − a| < r} is an open disk for a ∈ C and
r > 0. Note that (S) is satisfied if τ is sufficiently small, since the spec-
trum of A ∈ L(X) is a bounded set. Now, we have a sufficient condition for
T \ {1} ⊂ ρ(Tτ ).

Lemma 2.10. Let θ ∈ [0, 1]. Assume that A ∈ L(X) is the infinitesimal
generator of a bounded analytic semigroup on X. Suppose that condition (S)
is fulfilled when 0 ≤ θ < 1/2. Then T \ {1} ⊂ ρ(Tτ ). In particular, the two
assertions in the previous lemma are equivalent.

From the viewpoint of Lemma 2.9, we need to examine the boundedness
of the multiplier operator. For this purpose, Blunck proved the following
multiplier theorem [5, Theorem 1.3]. This is the discrete version of Weis’s
operator-valued Fourier multiplier theorem [27, Theorem 3.4]. See also [21]
for the scalar-valued discrete Fourier multiplier theorem.

Theorem 2.11 (Blunck). Let X be a UMD space, J = (−π, π) \ {0},
and M : J → L(X). Set

(2.15) TMf = F−1[M̃Ff ], f ∈ c00(Z;X),

where M̃(z) = M(arg z) for z ∈ T \ {1}. Assume that M is differentiable
and the set

(2.16) T = {M(t) | t ∈ J} ∪ {(eit − 1)(eit + 1)M ′(t) | t ∈ J}
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is R-bounded. Then TM can be extended to a bounded operator on lp(Z;X)
for all p ∈ (1,∞). Moreover,

(2.17) ‖TM‖L(lp(Z;X)) ≤ CmulR(T ),

where Cmul > 0 depends only on p and X.

In view of numerical analysis, it is troublesome that the constant Cmul

depends on the Banach space X, since X is supposed to be the finite element
space, which depends on the discretization parameter. Tracing the constants
in the proof of [5, Theorem 1.3], we find that the dependence on X is caused
by the constant of the UMD property (2.1). Let CUMD(p,X) be the infimum
of the constant C in (2.1). Then it is obvious that Y ⊂ X ⇒ CUMD(p, Y ) ≤
CUMD(p,X). Therefore, we can state the following.

Corollary 2.12. Let X be a UMD space, and X0 ⊂ X a closed sub-
space. Furthermore, let J = (−π, π) \ {0} and M : J → L(X0). Define TM
as in (2.15) for f ∈ c00(Z;X0), and T as in (2.16). Assume that M is
differentiable and T is R-bounded. Then TM can be extended to a bounded
operator on lp(Z;X0) for all p ∈ (1,∞). Moreover,

(2.18) ‖TM‖L(lp(Z;X0)) ≤ CR(T ),

where C > 0 depends only on p and X, but is independent of X0.

3. Main result. Our main result is based on the characterization given
in Lemma 2.9, with condition (S) assumed when θ ∈ [0, 1/2). However, to
obtain a uniform estimate for τ , condition (S) is not sufficient. Therefore,
we consider the stronger condition given below (cf. Fig. 2).

0

Im

Re

CΣδ+π
2
⊂ ρ(A)

−r

gθ,τ (T)

δr(A)

2r sin δ

rε ≤

Σδ+π
2

Fig. 2. Condition (NR)δ,ε. Here, we set r = 1/[(1− 2θ)τ ].
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(NR)δ,ε The following two conditions are fulfilled:

(NR1) S(A) ⊂ C \Σδ+π/2,
(NR2) (1− 2θ)τr(A) + ε ≤ 2 sin δ.

Here, the set

S(A) = {〈x∗, Ax〉 | x ∈ X, x∗ ∈ X∗, ‖x‖ = ‖x∗‖ = 〈x∗, x〉 = 1}
is the numerical range of A, and r(A) = supz∈S(A) |z| (not the spectral
radius of A).

Remark 3.1. (1) One can observe that condition (NR)δ,ε is stronger

than (S), since σ(A) ⊂ S(A), where the overline indicates closure in C. See,
for example, [22, Theorem 3.9 in Chapter 1].

(2) If A is the infinitesimal generator of a bounded analytic semigroup
on X, then condition (NR1) is fulfilled for some δ ∈ (0, π/2). Therefore, if
one wants to achieve (NR)δ,ε, it suffices to fix ε small enough, and consider
τ satisfying

τ ≤ 2 sin δ − ε
(1− 2θ)r(A)

.

Now, we are in a position to state our main theorem.

Theorem 3.2 (Discrete maximal regularity for the θ-method). Let X
be a UMD space, and let p ∈ (1,∞) and θ ∈ [0, 1]. Assume that A ∈ L(X)
has maximal Lp-regularity with a constant CA. When θ ∈ [0, 1/2), suppose
that A satisfies condition (NR)δ,ε for some δ ∈ (0, π/2) and ε > 0. Then A
has maximal lp-regularity with a constant CDMR which depends only on p,
θ, CA, δ, ε, and the Banach space X. Moreover,

(3.1) CDMR = CmulC0,

where Cmul is the constant appearing in (2.17), and C0 > 0 depends only on
p, θ, CA, δ, ε, but is independent of τ , X and the operator A.

Proof. The proof will be divided into four steps.

Step 1. Let Mτ , TMτ , and Tτ be defined by (2.9)–(2.11), respectively.
In view of Lemma 2.9, it suffices to show that TMτ is bounded in lp(Z;X).
Let J = (−π, π) \ {0}, and define M̌τ : J → L(X) as

M̌τ (t) = Mτ (eit) = (I − θτA)−1(eit − 1)R(eit;Tτ ), t ∈ J.
By Theorem 2.11, we only need to show that the set

Tτ = {M̌τ (t) | t ∈ J} ∪ {(eit − 1)(eit + 1)M̌ ′τ (t) | t ∈ J}
is R-bounded uniformly in τ > 0. We will calculate the sets

T1 = {M̌τ (t) | t ∈ J}, T2 = {(eit − 1)(eit + 1)M̌ ′τ (t) | t ∈ J}.
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Let λ = eit for t ∈ J . Then, from (2.13), we have

R(λ;Tτ ) =
1

θτλ+ (1− θ)τ (I − θτA)R(gθ,τ (λ);A),

where gθ,τ is defined in (2.12). Therefore, setting µ = gθ,τ (λ), we have

(3.2) M̌τ (t) = µR(µ;A),

which implies that

(3.3) T1 = {µR(µ;A) | µ ∈ gθ,τ (T \ {1})}.
Let us now calculate T2. Since

M̌ ′τ (t) = (I − θτA)−1ieitR(eit;Tτ )[I − (eit − 1)R(eit;Tτ )],

we have

(eit − 1)(eit + 1)M̌ ′τ (t) = ieit(eit + 1)M̌τ (t)[I − (I − θτA)M̌τ (t)].

Moreover, by (3.2),

I − (I − θτA)M̌τ (t) = I − (I − θτA)µR(µ;A) = (1− θτµ)[I − µR(µ;A)],

where µ = gθ,τ (eit). Therefore,

(eit − 1)(eit + 1)M̌ ′τ (t) = ieit(eit + 1)(1− θτµ)M̌τ (t)[I − M̌τ (t)].

Noting that

(z + 1)(1− θτgθ,τ (z)) ∈ C(1; 1)

for z ∈ T, regardless of θ and τ , we can obtain

R(T2) ≤ 4R(T1)(1 +R(T1)),
and thus

(3.4) R(Tτ ) ≤ 5R(T1)(1 +R(T1)),
provided that T1 is R-bounded. Here, we have used the standard facts
R(S ∪ T ) ≤ R(S) + R(T ) and R(ST ) ≤ R(S)R(T ) (cf. [19, Fact 2.8]).
Hence, it suffices to prove the R-boundedness of T1. Set

T0 = {isR(is;A) | s ∈ R \ {0}},
which is R-bounded with

(3.5) R(T0) ≤ cpCA
by the maximal Lp-regularity of A, where cp > 0 depends only on p (Re-
mark 2.6).

Step 2. We prove the assertion when 1/2 ≤ θ ≤ 1. In this case, from
(3.3), (2.14), Theorem 2.5, and the convexity property of R-boundedness
[19, Example 2.15], T1 is R-bounded with

(3.6) R(T1) ≤ R(T0),
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which is a uniform estimate in τ . Thus A has maximal lp-regularity and

CDMR ≤ CmulR(Tτ ) ≤ Cmul · 5cpCA(1 + cpCA),

from (3.4)–(3.6), which implies (3.1) with

C0 = 5cpCA(1 + cpCA).

Step 3. We assume that 0 ≤ θ < 1/2. In this step, we show that R(T1)
is bounded from above uniformly in τ . This case is not as simple as Step 2.
We set

γ = γθ,τ = gθ,τ (T) = C

( −1

(1− 2θ)τ
;

1

(1− 2θ)τ

)
,

and γ̇ = γ \ {0}. Then T1 = {µR(µ;A) | µ ∈ γ̇}. Take δ0 ∈ (0, δ) satisfying

0 < δ0 < arctan
1

R(T0)
.

0

Im

Re

C

−r

γ

δ1

δ0

δ

Γ1
Γ2,1

Γ2,2Γ2Γ2
Γ2,2

Γ2,1 Γ1

Fig. 3. The arcs in the proof of the main theorem

We will choose an appropriate δ0 later. We decompose γ̇ into two parts,
Γ1 and Γ2 (cf. Fig. 3), as

Γ1 = {µ ∈ γ̇ | |argµ| < δ0 + π/2}, Γ2 = {µ ∈ γ̇ | |argµ| ≥ δ0 + π/2},
and we set Sj = {µR(µ;A) | µ ∈ Γj} for j = 1, 2. By Lemma 2.3, S1 is
R-bounded with

(3.7) R(S1) ≤ P1(R(T0)),
where P1 is a polynomial of degree one, defined by (2.3). Note that the set
Tπ/2 in Lemma 2.3 is R-bounded, and its R-bound is equal to that of T0
here. It remains to show that S2 is R-bounded.

We first prove that there exists η > 0 independent of τ such that

(3.8) ‖R(µ;A)‖ ≤ (1− 2θ)τη
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for µ ∈ Γ2. Take δ1 ∈ (δ0, δ) sufficiently close to δ so that

(3.9) 2(sin δ − sin δ1) = ε/2.

We additionally decompose Γ2 into Γ2,1 and Γ2,2 (cf. Fig. 3), where

Γ2,1 = {µ ∈ Γ2 | |argµ| < δ1 + π/2}, Γ2,2 = Γ2 \ Γ2,1.
It is well-known that

‖R(µ;A)‖ ≤ 1

dist(µ;S(A))
, µ ∈ C \ S(A),

where S(A) is the closure in C (cf. [22, Theorem 3.9 in Chapter 1]). To
compute dist(µ;S(A)), we set r = 1/[(1 − 2θ)τ ], which is the radius of
the circle γ. Assume that µ ∈ Γ2,1. Then, since µ ∈ Σδ+π/2 and S(A) ⊂
C \Σδ+π/2, by (NR)δ,ε we have

dist(µ;S(A)) ≥ dist(µ; ∂Σδ+π/2) = |µ| sin(δ + π/2− |argµ|).
Noting that |µ| = 2r sin(|argµ| − π/2), we have

|µ| sin(δ + π/2− |argµ|) = 2r sin(|argµ| − π/2) sin(δ + π/2− |argµ|)
≥ 2r sin δ0 sin(δ − δ1).

Therefore,

(3.10) ‖R(µ;A)‖ ≤ 1

2r sin δ0 sin(δ − δ1)
=

(1− 2θ)τ

2 sin δ0 sin(δ − δ1)
, µ ∈ Γ2,1.

Next, we assume that µ ∈ Γ2,2. In this case,

dist(µ;S(A)) ≥ |µ| − r(A) ≥ 2r sin δ1 − r(A).

By the condition (NR)δ,ε and (3.9),

2r sin δ1 − r(A) = [2r sin δ − r(A)]− 2r(sin δ − sin δ1) ≥ εr − εr/2 = εr/2,

which implies

(3.11) ‖R(µ;A)‖ ≤ (1− 2θ)τ

ε/2
, µ ∈ Γ2,2.

From (3.10) and (3.11), we obtain (3.8) with

η = max

{
1

2 sin δ0 sin(δ − δ1)
,
2

ε

}
.

We are now ready to demonstrate the R-boundedness of S2. Fix µ0 ∈ Γ2.
Then R(µ0;A) can be expanded in a Taylor series as

R(µ;A) =
∞∑
n=0

(µ0 − µ)nR(µ0;A)n+1,

provided that µ ∈ ρ(A) and |µ− µ0| < ‖R(µ0;A)‖−1. Set

r0 =
1

(1− 2θ)τη
=
r

η
, S(µ) = {R(ζ;A) | ζ ∈ Γ2, |ζ − µ| < r0/4},
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for µ ∈ Γ2. Then, noting that r0 ≤ ‖R(µ0;A)‖−1 by (3.8), we have

R(S(µ0)) = R
({ ∞∑

n=0

(µ0 − µ)nR(µ0;A)n+1
∣∣∣ µ ∈ Γ2, |µ− µ0| < r0/4

})
≤
∞∑
n=0

R({(µ0 − µ)nR(µ0;A)n+1 | µ ∈ Γ2, |µ− µ0| < r0/4})

≤
∞∑
n=0

(
1

2
r0

)n
‖R(µ0;A)n+1‖ ≤

∞∑
n=0

(
1

2

)n
‖R(µ0;A)‖ ≤ 2

r0
.

Here, we have applied [27, Lemma 2.4] in the second step. That is, S(µ) is
R-bounded, and

(3.12) R(S(µ)) ≤ 2(1− 2θ)τη

for every µ ∈ Γ2. Now, we set B(µ) = {ζ ∈ γ | |ζ − µ| < r0/4} for µ ∈ γ, so
that

γ =
⋃
µ∈γ

B(µ).

Since γ is compact, there exist N0 ∈ N and µ0, . . . , µN0 ∈ γ satisfying

γ =

N0⋃
j=0

B(µj).

Moreover, since the ratio of the radii of γ and B(µ) is independent of τ , we
can take N0 independent of τ . Thus,

{R(µ;A) | µ ∈ Γ2} =
⋃

0≤j≤N0
µj∈Γ2

S(µj),

which implies that {R(µ;A) | µ ∈ Γ2} is R-bounded, and

R({R(µ;A) | µ ∈ Γ2}) ≤
∑

0≤j≤N0
µj∈Γ2

R(S(µj)) ≤ 2(N0 + 1)(1− 2θ)τη

by (3.12). Noting that |µ| ≤ 2/[(1 − 2θ)τ ] for µ ∈ γ, we can obtain the
R-boundedness of S2 with the uniform bound

(3.13) R(S2) ≤ 8(N0 + 1)η,

which implies the uniform R-boundedness of T1.
Step 4. Finally, we show (3.1) for θ ∈ [0, 1/2). We obtain

(3.14) R(T1) ≤ R(S1) +R(S2) ≤ P1(R(T0)) + 8(N0 + 1)η

from (3.7) and (3.13), where P1(X) is defined by (2.3) with α = R(T0) tan δ0.
By the definition of N0, it can be seen that

(3.15) N0 + 1 ≤ 2π

1/(4η)
.
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Thus, we only need to estimate η. By simple computations, one can obtain

δ − δ1 ≥ sin δ − sin δ1 = ε/4

and

sin(δ − δ1) ≥ sin
ε

4
≥ ε

2π
.

Therefore,

(3.16) η ≤ π

ε
max

{
2

π
,

1

sin δ0

}
=
π

ε

1

sin δ0
.

Now, taking

δ0 = min

{
δ

2
, arctan

1

2R(T0)

}
,

we obtain

α = min

{
R(T0) tan

δ

2
,
1

2

}
,

which yields

P1(R(T0)) ≤ 4

(
1 +

1

tan δ
2

)
+R(T0).

Equations (3.14)–(3.16) imply

(3.17) R(T1) ≤ P2(R(T0)),
where P2 is a polynomial of degree two, and depends only on δ and ε. Hence
we can establish (3.1) from (3.4), (3.5), (3.17), and Theorem 2.11.

From Corollary 2.12 and Theorem 3.2, we can deduce the following asser-
tion. This is a version of our main theorem applicable to the finite element
method.

Corollary 3.3. Let X be a UMD space, and X0 ⊂ X a closed subspace.
Suppose that p ∈ (1,∞) and θ ∈ [0, 1]. Assume that A ∈ L(X0) has maximal
Lp-regularity with a constant CA, and satisfies condition (NR)δ,ε for some
δ ∈ (0, π/2) and ε > 0. Then A has maximal lp-regularity with a constant
CDMR, which depends only on p, θ, CA, δ, ε, and X, but is independent
of τ , X0 and the operator A.

In view of this corollary, we can assume that X is a Lebesgue space and
X0 is a finite element space.

Roughly speaking, Theorem 3.2 says that continuous maximal regular-
ity implies discrete maximal regularity. This is also true in the opposite
direction, which is a generalization of [5, Theorem 1.1] in a sense. To show
this assertion, we apply Blunck’s result. We refer the reader to [5, Proposi-
tion 1.4] for the proof. Although Blunck did not mention the dependence of
C below, one can obtain it by tracing the proof carefully.
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Proposition 3.4. Let X be a Banach space and M ∈ L∞(T;L(X)).
Suppose that the operator TM defined by (2.10) can be extended to a bounded
operator on lp(Z;X) for some p ∈ (1,∞). Then the set

TM = {M(z) | z is a Lebesgue point of M}
is R-bounded with

R(TM ) ≤ C‖TM‖L(lp(Z;X)),

where C > 0 depends only on p. Here, we denote the extension of TM by
the same symbol.

Theorem 3.5. Let X be a UMD space, p ∈ (1,∞) and θ ∈ [0, 1]. Assume
that A ∈ L(X) has maximal lp-regularity with a constant C ′A, and condition
(S) is fulfilled when 0 ≤ θ < 1/2. Then A has maximal Lp-regularity with a
constant CMR depending only on p, C ′A and X.

Proof. Since A has maximal lp-regularity, the operator TMτ defined by
(2.10) is bounded in lp(Z;X) uniformly in τ > 0. Combining this with
Proposition 3.4, we obtain

R(TMτ ) ≤ cpC ′A, ∀τ > 0,

where cp > 0 depends only on p and

TMτ = {Mτ (λ) | λ ∈ T \ {1}}
and Mτ is defined by (2.9).

Now, we show that the set T0 = {µR(µ;A) | µ ∈ iR \ {0}} is R-
bounded. Recall that (3.3) and (2.14) hold. Therefore, no further argument
is needed when θ = 1/2. Now assume that 1/2 < θ ≤ 1. Set hθ,τ (ζ) =

(1 − e(2θ−1)τz)/[(2θ − 1)τ ] for ζ ∈ C. Then it is easy to see that hθ,τ (µ) ∈
gθ,τ (T \ {1}) for µ ∈ iR \ {0} and hθ,τ (µ) → µ as τ ↓ 0. Thus, for n ∈ N,
x0, . . . , xn ∈ X, and µ0, . . . , µn ∈ iR \ {0}, we obtain

1�

0

∥∥∥ n∑
j=0

rj(t)µjR(µj ;A)xj

∥∥∥ dt
= lim

τ↓0

1�

0

∥∥∥ n∑
j=0

rj(t)hθ,τ (µj)R(hθ,τ (µj);A)xj

∥∥∥ dt ≤ cpC ′A 1�

0

∥∥∥ n∑
j=0

rj(t)xj

∥∥∥ dt,
which implies that T0 is R-bounded. Here, we have applied Lebesgue’s con-
vergence theorem in the first equality. The dependence of CMR on X comes
from the continuous version of the vector-valued Fourier multiplier theo-
rem [27, Theorem 3.4]. The proof when 0 ≤ θ < 1/2 is almost the same.

Recall that maximal Lp-regularity is independent of p ∈ (1,∞). That is,
if an operator A has maximal Lp0-regularity for some p0 ∈ (1,∞), then it has
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maximal Lp-regularity for all p ∈ (1,∞). Combining this with Theorems 3.2
and 3.5, we can derive p-independence for maximal lp-regularity.

Corollary 3.6. Let X be a UMD space, A ∈ L(X) the infinitesimal
generator of a bounded analytic semigroup on X, and θ ∈ [0, 1]. Assume
that condition (NR)δ,ε is fulfilled when 0 ≤ θ < 1/2, and A has maximal
lp0-regularity for some p0 ∈ (1,∞). Then A has maximal lp-regularity for
all p ∈ (1,∞).

4. The backward Euler method. In the case of the backward Euler
method, we can establish several more properties analogous to those inves-
tigated in the previous section. Moreover, we can remove a restriction on
operators. In our main theorem we have assumed that the operator A is
bounded, since the Cauchy problem (2.6) is ill-posed in general. However,
(2.6) is well-posed for unbounded operators when θ = 1, whenever I − τA
is invertible. Therefore, we need not assume that A is bounded.

This section concerns two independent topics. We first characterize dis-
crete maximal regularity for unbounded operators. The result is, in a sense,
an extension of Blunck’s characterization of discrete maximal regularity for
power-bounded operators, and includes the result of [3]. The next topic
is the derivation of an a priori estimate for non-zero initial values. In the
continuous case, it is well-known that an a priori estimate (2.5) is valid
for non-zero initial values with some modifications. With this in mind, we
establish an estimate similar to (2.8) with appropriate initial values. We re-
mark that our results on this topic are minor modifications of results in [4,
Chapter 2].

4.1. Characterization of discrete maximal regularity. In [5],
Blunck considered discrete maximal regularity for the forward Euler method,
and characterized it as continuous maximal regularity. However, his proof
is valid only in the case where the operator A is bounded, as long as the
forward Euler method is considered.

Our aim is to characterize discrete maximal regularity for unbounded
operators. Therefore, we consider the backward Euler method: un+1 − un

τ
= Aun+1 + fn+1, n ∈ N,

u0 = 0,

so that the iteration operator Tτ in (2.11) is just the a resolvent of A, i.e.,

Tτ = (I − τA)−1 = τ−1R(τ−1;A)

if the operator I − τA is invertible. This scheme was considered by Ashyra-
lyev et al. [3] and it was shown that continuous maximal regularity implies
discrete maximal regularity. However, the converse was not considered.
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Now, we are in a position to characterize discrete maximal regularity in
similar terms to Blunck. The following theorem corresponds to Blunck’s [5,
Theorem 1.1]. Note that I − τA is invertible for each τ > 0 if A generates a
bounded semigroup.

Theorem 4.1. Let X be a UMD space, and let A be a linear operator
on X that generates a bounded analytic semigroup T (t) on X. Set Tτ =
(I − τA)−1 for τ > 0. Then the following statements are equivalent:

(a) A has discrete maximal regularity for θ = 1.
(b) {(λ− 1)TτR(λ;Tτ ) | λ ∈ T \ {1}} is R-bounded uniformly for τ > 0.
(c) {Tnτ , n(Tτ − I)Tnτ | n ∈ N} is R-bounded uniformly for τ > 0.
(d) A has continuous maximal regularity.
(e) {µR(µ;A) | µ ∈ iR \ {0}} is R-bounded.
(f) {T (t), tAT (t) | t > 0} is R-bounded.

Proof. The equivalences (d)⇔(e)⇔(f) are due to Weis (Theorem 2.5).
The implications (e)⇒(b)⇒(a) are due to Ashyralyev et al. [3], and (a)⇒(b)
⇒(e) are shown in Theorem 3.5. Hence, it suffices to show that (f)⇒(c) and
(c)⇒(f).

(f)⇒(c). It suffices to show that the set {Tnτ , n(Tτ − I)Tnτ | n ∈ N,
n ≥ 1} is R-bounded uniformly in τ > 0. It is well-known that

R(λ;A)n =
1

(n− 1)!

∞�

0

tn−1e−λtT (t) dt

in L(X) for λ ∈ ρ(A) with Reλ > 0 and n ≥ 1. Therefore,

Tnτ =
1

τn(n− 1)!

∞�

0

tn−1e−t/τT (t) dt

and, noting that Tτ − I = τATτ ,

n(Tτ − I)Tnτ =
1

τn(n− 1)!

∞�

0

tn−1e−t/τ tAT (t) dt

for τ > 0 and n ≥ 1. These equations imply (c), by the formula
	∞
0 tne−αt dt

= n!α−n−1 for α > 0 and n ∈ N, and by the convexity property of
R-boundedness [19, Theorem 2.13].

(c)⇒(f). Set Sτ = {Tnτ , n(Tτ − I)Tnτ | n ∈ N}, and assume that there
exists C > 0 independent of τ > 0 such that R(Sτ ) ≤ C for each τ . Define
Aτ = (Tτ − I)/τ , which is the Yosida approximation of A. Then, as is
well-known,

(4.1) lim
τ↓0

etAτx = T (t)x in X

for every t > 0 and every x ∈ X. Moreover, the convergence is uniform on
each bounded interval. Here, for B ∈ L(X), eB =

∑
n∈NB

n/n! is the usual
exponential of B. Now, we show that the set {T (t)}t is R-bounded. Since
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etAτ = e−t/τ
∞∑
n=0

1

n!

(
t

τ

)n
Tnτ ∈ CH(Sτ ),

the set {etAτ | t > 0} is R-bounded, and its R-bound does not exceed C,
where CH(·) is the convex hull and the overline indicates closure in the strong
topology of L(X). Thus, for N ∈ N, sj > 0, and xj ∈ X (j = 0, . . . , N), we
have
1�

0

∥∥∥ N∑
j=0

rj(t)T (sj)xj

∥∥∥ dt = lim
τ↓0

1�

0

∥∥∥ N∑
j=0

rj(t)e
sjAτxj

∥∥∥ dt ≤ C 1�

0

∥∥∥ N∑
j=0

rj(t)xj

∥∥∥ dt,
which implies that {T (t)}t is R-bounded.

We next establish the R-boundedness of {tAT (t)}t. Note that for every
t > 0 and x ∈ X, one can obtain

lim
τ↓0

tAτe
tAτx = tAT (t)x in X

in a way similar to the proof of (4.1), and the convergence is uniform on each
bounded interval. We claim that the set S ′τ = {(n + 1)(Tτ − I)Tnτ | n ∈ N}
is R-bounded. Indeed, since

S ′τ = {Tτ − I} ∪ {(1 + n−1)nTnτ | n ∈ N, n ≥ 1},
the set S ′τ is R-bounded with

R(S ′τ ) ≤ ‖Tτ‖+ 1 + 2R(Sτ ) ≤ 1 + 3C.

Therefore, since

tAτe
tAτ = e−t/τ

∞∑
n=0

1

n!

(
t

τ

)n+1

(Tτ − I)Tnτ

= e−t/τ
∞∑
n=0

1

(n+ 1)!

(
t

τ

)n+1

(n+ 1)(Tτ − I)Tnτ ∈ CH(S ′τ ),

the set {tAτetAτ }t is R-bounded, and its R-bound does not exceed 1 + 3C.
This implies the R-boundedness of {tAT (t)}t in the same way as above.

4.2. A priori estimate with non-zero initial values. Let X be a
Banach space, and let A be a linear operator on X. In the theory of nonlinear
evolution equations, the choice of initial value is important. Therefore, we
need to obtain an a priori estimate of maximal regularity (2.5) with non-
zero initial values. It is known that the desired estimate is valid for u(0) ∈
(X,D(A))1−1/p,p, which is the real interpolation space provided 0 ∈ ρ(A).
The estimate is as follows:

(4.2) ‖u′‖Lp(R+;X) + ‖Au‖Lp(R+;X) ≤ C(‖f‖Lp(R+;X) + ‖u0‖1−1/p,p),
where u is the solution of{

u′(t) = Au(t) + f(t), t > 0,

u(0) = u0,
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with f ∈ Lp(R+;X) and u0 ∈ (X,D(A))1−1/p,p. Here, ‖·‖1−1/p,p is the usual
norm of (X,D(A))1−1/p,p.

We present the discrete version of (4.2) in the case of the backward Euler
method. This problem in a bounded interval has already been considered by
Ashyralyev and Sobolevskĭı [4, Chapter 2]. We obtain the same estimate in
the case where the interval is unbounded. We consider the following problem:

(4.3)

{
un+1 − un

τ
= Aun+1 + fn+1, n ∈ N,

u0 = u0
for f = (fn) ∈ lp(N;X) and u0 ∈ (X,D(A))1−1/p,p, with p ∈ (1,∞). Recall

that v1 = (vn+1)n for v = (vn) ∈ XN.

Theorem 4.2. Let X be a Banach space, and let A be a linear operator
on X. Suppose that p ∈ (1,∞) and τ > 0. Assume that 0 ∈ ρ(A) and A has
discrete maximal regularity for θ = 1. Then, for each f = (fn) ∈ lp(N;X)
and u0 ∈ (X,D(A))1−1/p,p, there exists a unique solution u = (un) of (4.3)
satisfying

‖Dτu‖lpτ (N;X) + ‖Au1‖lpτ (N;X) ≤ C(‖f1‖lpτ (N;X) + ‖u0‖1−1/p,p),
where C > 0 is independent of τ , f , and u0.

This theorem can be deduced from the following embedding result. The
proof is essentially the same as in [4, Theorem 3.1 in Chapter 2]. Thus we
omit it. Recall that Tτ = (I − τA)−1.

Lemma 4.3. Let X be a Banach space, and let A be a linear operator
on X. Suppose that p ∈ (1,∞) and τ > 0. Assume that 0 ∈ ρ(A) and A
generates a bounded analytic semigroup on X. Define a Banach space Epτ as

Epτ =
{
x ∈ X

∣∣∣ ∞∑
n=0

‖ATn+1
τ x‖pX <∞

}
with the norm

‖x‖Epτ = ‖x‖X +
( ∞∑
n=0

‖ATn+1
τ x‖pX

)1/p
.

Then the embedding

(X,D(A))1−1/p,p ↪→ Epτ

holds uniformly for τ > 0 and X.

Proof of Theorem 4.2. We can establish the desired estimate by dividing
the problem (4.3) into two problems{

(Dτv)n = Avn+1 + fn+1, n ∈ N,

v0 = 0,
and

{
(Dτw)n = Awn+1, n ∈ N,

w0 = u0,

and utilizing Theorem 3.2 and Lemma 4.3.
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We conclude this paper by stating an applicable version of Theorem 4.2.
The corollary below can be established in the same way as Corollary 3.3
since the embedding constant of Lemma 4.3 is independent of X.

Corollary 4.4. Let X be a Banach space, X0 ⊂ X a closed subspace,
and A a linear operator on X0. Suppose that p ∈ (1,∞) and τ > 0. Assume
that 0 ∈ ρ(A) and A has discrete maximal regularity for θ = 1. Then, for
each f = (fn) ∈ lp(N;X0) and u0 ∈ (X0, D(A))1−1/p,p, there exists a unique
solution u = (un) of (4.3) satisfying

‖Dτu‖lpτ (N;X) + ‖Au1‖lpτ (N;X) ≤ C(‖f1‖lpτ (N;X) + ‖u0‖1−1/p,p),
where C > 0 is independent of τ , f , u0, and the Banach space X0. Here,
the norm of u0 is that of (X,D(A))1−1/p,p.
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